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History

1 33 17 105
Diophantus: 1+ a;a; = 0, { }

167167 47 16
Fermat: same property, {1, 3, 8,120}

Bugeaud: 1+ a;a; = k-th power, {1, A, B} with 1 < A< B in Z.
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History

1 33 17 105
Diophantus: 1+ a;a; = 0, { }

167167 47 16
Fermat: same property, {1, 3, 8,120}

Bugeaud: 1+ a;a; = k-th power, {1, A, B} with 1 < A< B in Z.

14+ A=2aF A=zF -1
1+B=yk:> B:yk—l
1+ AB = zF AB=zF -1
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History

1 33 17 105
Diophantus: 1+ a;a; = 0, { }

167167 47 16
Fermat: same property, {1, 3, 8,120}

Bugeaud: 1+ a;a; = k-th power, {1, A, B} with 1 < A< B in Z.

14+ A=2aF A=zF -1
1+B=yk:> B:yk—l
1+ AB = zF AB=zF -1

Bugeaud (2004):
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History

1 33 17 105
Diophantus: 1+ a;a; = 0, { }

167167 47 16
Fermat: same property, {1, 3, 8,120}

Bugeaud: 1+ a;a; = k-th power, {1, A, B} with 1 < A< B in Z.

14+ A=2aF A=zF -1
1+B=yk:> B:yk—l
1+ AB = zF AB=zF -1

Bugeaud (2004): (z*F —1)(y* —1) = (¥ - 1)
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History

1 33 17 105
Diophantus: 1+ a;a; = 0, { }

167167 47 16
Fermat: same property, {1, 3, 8,120}

Bugeaud: 1+ a;a; = k-th power, {1, A, B} with 1 < A< B in Z.

14+ A=2aF A=zF -1
1+B=yk:> B:yk—l
1+ AB = zF AB=zF -1

Bugeaud (2004): (z* —1)(y* —1) = (2* — 1) has no solutions for k > 75
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History

1 33 17 105
Diophantus: 1+ a;a; = 0, { }

167167 47 16
Fermat: same property, {1, 3, 8,120}

Bugeaud: 1+ a;a; = k-th power, {1, A, B} with 1 < A< B in Z.

14+ A=2aF A=zF -1
1+B=yk:> B:yk—l
1+ AB = zF AB=zF -1

Bugeaud (2004): (z* —1)(y* —1) = (2* — 1) has no solutions for k > 75

Bennett (2007):

Eva Goedhart Bryn Mawr College Something New in Diophantine Equations



History

1 33 17 105
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Fermat: same property, {1, 3, 8,120}

Bugeaud: 1+ a;a; = k-th power, {1, A, B} with 1 < A< B in Z.

14+ A=2aF A=zF -1
1+B=yk:> B:yk—l
1+ AB = zF AB=zF -1

Bugeaud (2004): (z* —1)(y* —1) = (2* — 1) has no solutions for k > 75

Bennett (2007): same equation
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History

1 33 17 105
Diophantus: 1+ a;a; = 0, { }

167167 47 16
Fermat: same property, {1, 3, 8,120}

Bugeaud: 1+ a;a; = k-th power, {1, A, B} with 1 < A< B in Z.

14+ A=2aF A=zF -1
1+B=yk:> B:yk—l
1+ AB = zF AB=zF -1

Bugeaud (2004): (z* —1)(y* —1) = (2* — 1) has no solutions for k > 75

Bennett (2007): same equation has no solutions for k > 4
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1 33 17 105
Diophantus: 1+ a;a; = 0, { }

167167 47 16
Fermat: same property, {1, 3, 8,120}

Bugeaud: 1+ a;a; = k-th power, {1, A, B} with 1 < A< B in Z.

14+ A=2aF A=zF -1
1+B=yk:> B:yk—l
1+ AB = zF AB=zF -1

Bugeaud (2004): (z* —1)(y* —1) = (2* — 1) has no solutions for k > 75

Bennett (2007): same equation has no solutions for k > 4

(@* = 1)(y* —1) = (z" - 1)

Eva Goedhart Bryn Mawr College Something New in Diophantine Equations



History

1 33 17 105
Diophantus: 1+ a;a; = 0, { }

167167 47 16
Fermat: same property, {1, 3, 8,120}

Bugeaud: 1+ a;a; = k-th power, {1, A, B} with 1 < A< B in Z.

14+ A=2aF A=zF -1
1+B=yk:> B:yk—l
1+ AB = zF AB=zF -1

Bugeaud (2004): (z* —1)(y* —1) = (2* — 1) has no solutions for k > 75

Bennett (2007): same equation has no solutions for k > 4

(z* —1)(y* — 1) = (2* — 1)? has no solutions for k > 4
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History

1 33 17 105
Diophantus: 1+ a;a; = 0, { }

167167 47 16
Fermat: same property, {1, 3, 8,120}

Bugeaud: 1+ a;a; = k-th power, {1, A, B} with 1 < A< B in Z.

14+ A=2aF A=zF -1
1+B=yk:> B:yk—l
1+ AB = zF AB=zF -1

Bugeaud (2004): (z* —1)(y* —1) = (2* — 1) has no solutions for k > 75

Bennett (2007): same equation has no solutions for k > 4

(z* —1)(y* — 1) = (2* — 1)? has no solutions for k > 4

Zhang (2014):
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Fermat: same property, {1, 3, 8,120}

Bugeaud: 1+ a;a; = k-th power, {1, A, B} with 1 < A< B in Z.

14+ A=2aF A=zF -1
1+B=yk:> B:yk—l
1+ AB = zF AB=zF -1

Bugeaud (2004): (z* —1)(y* —1) = (2* — 1) has no solutions for k > 75

Bennett (2007): same equation has no solutions for k > 4

(z* —1)(y* — 1) = (2* — 1)? has no solutions for k > 4

Zhang (2014): (az® —1)(by* — 1) = (abz® — 1)
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14+ A=2aF A=zF -1
1+B=yk:> B:yk—l
1+ AB = zF AB=zF -1

Bugeaud (2004): (z* —1)(y* —1) = (2* — 1) has no solutions for k > 75

Bennett (2007): same equation has no solutions for k > 4

(z* —1)(y* — 1) = (2* — 1)? has no solutions for k > 4

Zhang (2014): (az® —1)(by* — 1) = (abz* — 1) has no solutions, k > 4
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Main Theorem

Leta, b, c, k € ZT with k > 7. The equation

(a®ca® — 1)(bPey® — 1) = (abez® —1)?

has no solution in integers with x, y, z > 1 and a®z* # b%y*.
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Key Ideas
Suppose k,a,b,c,z,y,z € ZT as in the Theorem s.t.

(a?cx® —1)(BPey® — 1) = (abez® —1)2.




Key ldeas

Suppose k,a,b,c, 2,1,z € ZT as in the Theorem s.t.

(a®cx® — 1) (b2ey® — 1) = (abez® —1)%

a’cx
a?cxk —1
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Key ldeas
Suppose k,a,b,c,z,y,z € Z* as in the Theorem s.t.
(a®cx® — 1) (b2ey® — 1) = (abez® —1)%

a’cx® a’exk(B?cy® — 1)

a?cxk —1 abczk — 1
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Key ldeas
Suppose k,a,b,c,z,y,z € Z* as in the Theorem s.t.
(a®cx® — 1) (b2ey® — 1) = (abez® —1)%

a’cx® alexb(VPey® —1)  (aPex®)(BPey”)

aZexk —1 abezk —1 T (abezk)?

Eva Goedhart Bryn Mawr College Something New in Diophantine Equations



Key ldeas
Suppose k,a,b,c,z,y,z € Z* as in the Theorem s.t.

(a®cx® — 1) (b2ey® — 1) = (abez® —1)%

a’cx® alexb(VPey® —1)  (aPex®)(BPey”)
aZexk —1 abezk —1 T (abezk)?

Eva Goedhart Bryn Mawr College Something New in Diophantine Equations



Key ldeas
Suppose k,a,b,c,z,y,z € Z* as in the Theorem s.t.

(a®cx® — 1) (b2ey® — 1) = (abez® —1)%

a’cx® alexb(VPey® —1)  (aPex®)(BPey”)
aZexk —1 abezk —1 T (abezk)?

Eva Goedhart Bryn Mawr College Something New in Diophantine Equations



Key ldeas
Suppose k,a,b,c,x,y,z € ZT as in the Theorem s.t.

(a®cx® — 1) (b2ey® — 1) = (abez® —1)%

a’cx® alexb(VPey® —1)  (aPex®)(BPey”)
aexk —1 abezk —1 T (abezk)?

For large k,
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Key ldeas
Suppose k,a,b,c,x,y,z € ZT as in the Theorem s.t.

(a%ca® — 1) (bPcy® — 1) = (abezk — 1),

a’exk(B?cy® — 1) - (a%cx®) (b2 cy®)
aexk —1 abezk —1 (abczF)?

For large k, this approximation is “too good"”.
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Key ldeas
Suppose k,a,b,c,x,y,z € ZT as in the Theorem s.t.

(a%ca® — 1) (bPcy® — 1) = (abezk — 1),

a’cx® alexb(VPey® —1)  (aPex®)(BPey”)
aZexk —1 abezk —1 T (abezk)?

For large k, this approximation is “too good"”.

For small k,
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Key ldeas
Suppose k,a,b,c,x,y,z € ZT as in the Theorem s.t.

(a%ca® — 1) (bPcy® — 1) = (abezk — 1),

a’cx® alexb(VPey® —1)  (aPex®)(BPey”)
aZexk —1 abezk —1 T (abezk)?

For large k, this approximation is “too good"”.

For small k, use continued fractions
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Key ldeas
Suppose k,a,b,c,x,y,z € ZT as in the Theorem s.t.

(a%ca® — 1) (bPcy® — 1) = (abezk — 1),

a’cx® alexb(VPey® —1)  (aPex®)(BPey”)
aZexk —1 abezk —1 T (abezk)?

For large k, this approximation is “too good"”.

2
. . k asc Yy
For small k, use continued fractions T Ny

a‘cx® — 1 z
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Proof of the Main Theorem

Let k, a, b, c€ ZT with k > 7.
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Let k, a, b, c € Z* with k > 7. Suppose that z, y, z > 1, a®z* # b*y*,




Proof of the Main Theorem

Let k, a, b, c € Z* with k > 7. Suppose that z, y, z > 1, a?zk #* b2y,
and
(a?cx® — 1) (VPcy® — 1) = (abez® —1)%.

2

uv? uw (uvw)?
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Proof of the Main Theorem

Let k, a, b, c € Z* with k > 7. Suppose that z, y, z > 1, a?zk #* b2y,

and
(a?cx® — 1) (VPcy® — 1) = (abez® —1)%.

uv? uw? (uvw)?

Wiog v < w.
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Proof of the Main Theorem

Let k, a, b, c € Z* with k > 7. Suppose that z, y, z > 1, a?zk #* b2y,

and
(a?cx® — 1) (VPcy® — 1) = (abez® —1)%.

2 2

uv? uw (uvw)
Wiog v < w.
(a®cx®) (VP ey®) = (uvw)? + u(v? + w?) + 1
> (uvw)? + 2uvw + 1

= (abcz")?
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Proof of the Main Theorem

Let k, a, b, c € Z* with k > 7. Suppose that z, y, z > 1, a?zk #* b2y,

and
(a?cx® — 1) (VPcy® — 1) = (abez® —1)%.

uv? uw? (uvw)?
Wiog v < w.
(a®cx®) (VP ey®) = (uvw)? + u(v? + w?) + 1
> (uvw)? + 2uvw + 1
= (abcz")?
= zy > 22
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Proof of the Main Theorem

Let k, a, b, c € Z* with k > 7. Suppose that z, y, z > 1, a?zk #* b2y,

and
(a?cx® — 1) (VPcy® — 1) = (abez® —1)%.

uv? uw? (uvw)?
Wiog v < w.
(a®cx®) (VP ey®) = (uvw)? + u(v? + w?) + 1

> (uvw)? + 2uvw + 1

= (abcz")?
= zy > 22

1

Leta = {/1+—;

uv?
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Proof of the Main Theorem

Let k, a, b, c € Z* with k > 7. Suppose that z, y, z > 1, a?zk #* b2y,

and
(a?cx® — 1) (VPcy® — 1) = (abez® —1)%.

uv? uw? (uvw)?
Wiog v < w.
(a®cx®) (VP ey®) = (uvw)? + u(v? + w?) + 1
> (uvw)? + 2uvw + 1
= (abcz")?
= zy > 22

1
Letazf/l—l——zandﬁzx—g.
uv z
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Theorem (Bennett, 1997)

Let n and N are positive integers
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Theorem (Bennett, 1997)

Let n and N are positive integers with n > 3
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Theorem (Bennett, 1997)

Let n and N are positive integers with n > 3 and i, = H pt/ (=),
pln

p prime
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Theorem (Bennett, 1997)

Let n and N are positive integers with n > 3 and i, = H pt/ (=),
pln

p prime

2(n—2)
If (\/N+ VN + 1) > (npn)",
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Theorem (Bennett, 1997)

Let n and N are positive integers with n > 3 and i, = H pt/ (=),
pln

p prime

2(n—2)
If (\/N—l— VN + 1) > (nun)", then for any p, ¢ € Z,
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Theorem (Bennett, 1997)

Let n and N are positive integers with n > 3 and i, = H pt/ (=),
pln

p prime

2(n—2)
If (\/N—l— VN + 1) > (nun)", then for any p, ¢ € Z,

1
8npin Ng*

1 p
’I’Ll - _ ¥
 — .
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Theorem (Bennett, 1997)

Let n and N are positive integers with n > 3 and i, = H pt/ (=),

p prime

2(n—
If (\/N—l— VN + 1) > (nun)", then for any p, ¢ € Z,

1 »p 1
n 1 = - -
+ N 8np, Ng*
2
log <(\/N +VN T 1) nun)

where X = 1 +

log((\/_Jm/—) /nun>'
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Theorem (Bennett, 1997)

Let n and N are positive integers with n > 3 and i, = H pt/ (=),

p prime

2(n—
If (\/N—l— VN + 1) > (nun)", then for any p, ¢ € Z,

1 »p 1
n 1 = - -
+ N 8np, Ng*
2
log <(\/N +VN T 1) nun)

where X = 1 +

o (7 1) o)

Forn =k, N = uv?,
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Theorem (Bennett, 1997)

Let n and N are positive integers with n > 3 and i, = H pt/ (=),

p prime

2(n—
If (\/N—l— VN + 1) > (nun)", then for any p, ¢ € Z,

1 »p 1
n 1 = - -
+ N 8np, Ng*
2
log <(\/N +VN T 1) nun)

where X = 1 +

log ((\/_-l‘\/_) /nun>.

1
For n =k, N = wv?, apply Bennett to v = {/1+ —5
uv
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Theorem (Bennett, 1997)

Let n and N are positive integers with n > 3 and i, = H pt/ (=),

p prime

2(n—
If (\/N—l— VN + 1) > (nun)", then for any p, ¢ € Z,

1 »p 1
n 1 = - -
+ N 8np, Ng*
2
log <(\/N +VN T 1) nun)

where X = 1 +

log ((\/_-l‘\/_) /nun>.

Forn:k,N:uvz,appIyBennetttoa—yll—i— adﬂ—
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lor = A1 > 8k uv? 22X




1
|Ol—ﬂ| > W where

1og<(vﬁﬁﬁ4—v%571732kpk>
og ( (Vi + V1)’ /m)

2log (kpu)
2log (\/_ + Vuv? + ) log(kug)

A=1+
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1
|Ol—,6| > W where

1og<(vﬁﬁﬁ4—v%571732kpk)
og ( (Vi + V1)’ /m)

2log (kpu)
2log (\/_ + Vuv? + ) log(kug)

A=1+

Define Ak (D)
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1
|Ol—ﬂ‘ > W where

1og<(v@m2+-vﬁv2+1)2kuk)
log ((W+ W) /kuk)

2log (kpu)
2log (\/ wv? + Vuv? + ) log(kp)

A=1+

2log(Kpk)
2log (\/D -1+ \/5) —log(K k)

Define Ax(D) =2+ and
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1
|Ol—ﬂ‘ > W where

1og<(v@m2+-vﬁv2+1)2kuk)
log ((W+ W) /kuk)

2log (kpu)
2log (\/ wv? + Vuv? + ) log(kp)

A=1+

2log(Kpk)
2log (\/D -1+ \/5) —log(K k)

Define Ax(D) =2+ and

A(K)
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1
|Ol—ﬂ‘ > W where

1og<(v@m2+-vﬂv2+1)2kuk)
log ((W—i- W) /kuk)

2log (k)
2log (\/ uv? + Vuv? + ) log(kp)

A=1+

2log(Kpx)
2log (\/ﬁ—i- \/5) —log(K k)
6log(K)
2(K +1)log(2) — 3log(K)’

Define Ax(D) =2+ and

A(K) =2+
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1
|Ol—ﬂ‘ > W where

1og<(v@m2+-vﬂv2+1)2kuk)
log ((W—i- W) /kuk)

2log (k)
2log (\/ uv? + Vuv? + ) log(kp)

A=1+

2log(Kpx)
2log (\/ﬁ—i- \/5) —log(K k)
6log(K)
2(K +1)log(2) — 3log(K)’

Define Ax(D) =2+ and

A(K) =2+

Then A\
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1
|Ol—ﬂ‘ > W where

1og<(v@m2+-vﬂv2+1)2kuk)
log ((W—i- W) /kuk)

2log (k)
2log (\/ uv? + Vuv? + ) log(kp)

A=1+

2log(Kpx)
2log (\/ﬁ—i- \/5) —log(K k)
6log(K)
2(K +1)log(2) — 3log(K)’

Define Ax(D) =2+ and

A(K) =2+

Then A = A (a?cx®)
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1
|Ol—ﬂ‘ > W where

1og<(v@m2+-vﬂv2+1)2kuk)
log ((W—i- W) /kuk)

2log (k)
2log (\/ uv? + Vuv? + ) log(kp)

A=1+

2log(Kpx)
2log (\/ﬁ—i- \/5) —log(K k)
6log(K)
2(K +1)log(2) — 3log(K)’

Define Ax(D) =2+ and

A(K) =2+

Then A\ = Ag(a?ex®) < A(K)
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Oék—ﬁk



ing New in Di




<

wv? (2uow — uv?) + 2uvw + 1

uv?(uvw + 1)2

hing New in Di




k
T 1 _(xy)k _ w?(2uvw — w?) + 2uvw + 1
uv?(uvw + 1)2

Thus a > g8 > 1.
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k
Kook [ 1 (xy)k _uv?(2uow — uv?) + 2uvw + 1
o =" = - = 2 2
uv?(uvw + 1)

Thus a > g > 1.

uv? (2uvw + 2) + 2uvw + 1
wv?(uvw + 2)?

_uv2—|—1( 2 )_ 20k

of — gk <

uv? uvw + 1 uow + 1
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k
ok — gk = (k 1 ) B (xy)k _ uv2(2uvw—uv2)+2uvw—|—1_

uv?(uvw + 1)2

Thus aa > 3 > 1.

02 (2uvw + 2) + 2uvw + 1
wv?(uvw + 2)?

_u'u2—|—1 2 B 20k
T w2 ww+1) ww+1

ok =B = (0= B)Y ok g

7

u
of — gk <

?T‘
,_.

I§
=
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k
ok — gk = (k 1 ) B (xy)k _ uv2(2uvw—uv2)+2uvw—|—1_

uv?(uvw + 1)2

Thus aa > 3 > 1.

02 (2uvw + 2) + 2uvw + 1
wv?(uvw + 2)?

_u'u2—|—1 2 B 20k
T w2 ww+1) ww+1

oF = B = (a—§) 3 aF B > (o — Ak

7

u
of — gk <

?T‘
,_.

I§
=
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k
YR 1 (xy)k _uv?(2uow — uv?) + 2uvw + 1
o =" = - = 2 2
uv?(uvw + 1)

Thus a > 3 > 1.

uv? (2uvw + 2) + 2uvw + 1
wv?(uvw + 2)?

7uv2+1 2 - 20k
T w2 ww+1) ww+1

of =Bt =(a—B) Y "B > (a— Bk

of — gk <

1
Hence ————— < |a —
ence Sk unZa lae —
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k
YR 1 (xy)k _uv?(2uow — uv?) + 2uvw + 1
o =" = - = 2 2
uv?(uvw + 1)

Thus a > 3 > 1.

uv? (2uvw + 2) + 2uvw + 1
wv?(uvw + 2)?

7uv2+1 2 - 20k
T w2 ww+1) ww+1

of =Bt =(a—B) Y "B > (a— Bk

of — gk <

20k

kuvw’

1
Hence ————— < |a— 8] <
ence Sk unZa lae —
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<|la—p|<

8k uv? 22X kuvw




1 2a*
<la—p8l< = w < 2 ppafvz?

8k ppuv?2z2X kuvw




1 2a*
<la—p8l< = w < 2 ppafvz?

8k ppuv? 22X kuvw

uvw + 1

with zF =
abe




1 2a*
<la—p8l< = w < 2 ppafvz?

8k ppuv? 22X kuvw

uvw + 1

< ak uvw
abe

with zF =




1 2a*
<la—p8l< = w < 2 ppafvz?

8k ppuv? 22X kuvw

uvw + 1

- < aFupw = Wk < 21K g k2N 22 k2
aoc

with zF =




1 20"
<|la-p8l< = w < 2 ppalfvz?

8k ppuv? 22X kuvw

uvw + 1

with zF = < dfuvw = wF2 < 2%k R (RE2A) 22 k422

abe

Since zy > 22 + 1,
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k
1 2c 22

4 k
Shazen <10~ Al< o = w < Patvz
. uvw + 1
with zF — — < odFuvw —> wk—2* < 24kukak(k+2>\)u2>\vk+2)\
abc

Since zy > 22 + 1,

uv® +uw?® > a’b?c (22 + 1)F — a?b? P

> @222k 21 4 a2b202k(k2_ 1)z2(k—2)

> abez® > uvw
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1 20" 4 K, L2\
W<|aiﬂ|<kuvw = w2tz

uvw + 1
< oFuvw s wh2A < 24kukak(k+2>\)u2>\vk+2)\

with zF =
abe

Since zy > 22 + 1,

uv® +uw?® > a’b?c (22 + 1)F — a?b? P

> @222k 21 4 a2b202k(k2_ 1)Z2(k—2)

> abez® > uvw

ww? > a?2h2c2ez2k=1)
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1 20" 4 K, L2\
W<|aiﬂ|<kuvw = w2tz

uvw + 1
< oFuvw s wh2A < 24kukak(k+2>\)u2>\vk+2)\

with zF =
abe

Since zy > 22 + 1,

uv® +uw?® > a’b?c (22 + 1)F — a?b? P

> @222k 21 4 a2b202k(k2_ 1)Z2(k—2)

> abez® > uvw

ww? > a2b2c2ex2(k—1) s w2 > ERyk—2p2(k—1)
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1 20" 4 K, L2\
W<|aiﬂ|<kuvw = w2tz

uvw + 1
< oFuvw s wh2A < 24kukak(k+2>\)u2>\vk+2)\

with zF =
abe

Since zy > 22 + 1,

uv® +uw?® > a’b?c (22 + 1)F — a?b? P

> @222k 21 4 a2b202k(k2_ 1)Z2(k—2)

> abez® > uvw

ww? > a2b2c2ex2(k—1) s w2 > ERyk—2p2(k—1)

(uvz)kfz,\fz < 28@&2(1“2,\)]97(1@72,\)
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(ww?)F =222 < QSHia2(k+2>\)k—(k—2)\)




(ww?)F =222 < 28uia2(k+2>\)k—(k—2)\)

For k > 10,




(ww?)F =222 < QSHiQZ(k+2A)k—(k—2)\)

For k > 10, A < A(10) < 3.7,




(ww?)F =222 < QSHia2(k+2>\)k—(k—2)\)

For k > 10, A < A(10) < 3.7, uy, < V&,




(ww?)F =222 < QSHia2(k+2>\)k—(k—2)\)

For k > 10, A < A(10) < 3.7, g < VE, uw? = a2exk — 1




(uv2)k—2>\—2 < QSHiaz(k+2>\)k—(k—2)\)

For k> 10, A < A(10) < 3.7, s, < Vk, wv? = aca® —1>2'0 —1

= nq 8
New in Di




(uv2)k—2>\—2 < QSHia2(k+2>\)k—(k—2)\)

For k > 10, A < A(10) < 3.7, u < Vk, wv? = a?ca® —1 > 210 — 1,

63 < (210 _ 1)10—2-3.7—2




(uv2)k—2>\—2 < QSHia2(k+2>\)k—(k—2)\)

For k> 10, A < A(10) < 3.7, s, < Vk, wv? = aca® —1>2'0 —1

63 < (210 _ 1)10—2-3.7—2 <8

= nq 8
New in Di




(U,UZ)k—ZA—Q < QSHia2(k+2>\)k—(k—2)\)

For k > 10, A < A(10) < 3.7, u < Vk, wv? = a?ca® —1 > 210 — 1,

63< (20 -T2 <8 se




(uv2)k—2)\—2 < 28Hia2(k+2)\)k_—(k—2)\)

For k> 10, A < A(10) < 3.7, up, < VE, wv® = a®ca® —1> 210 — 1,

63 < (20 -0 <8 o

For k =9,
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(uv2)k—2)\—2 < 28Hia2(k+2)\)k_—(k—2)\)

For k> 10, A < A(10) < 3.7, up, < VE, wv® = a®ca® —1> 210 — 1,

63 < (20 -0 <8 o

For k=9, A < Ag(2°) < 3.2,
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(uv2)k—2)\—2 < 28uia2(k+2)\)k_—(k—2)\)

For k> 10, A < A(10) < 3.7, up, < VE, wv® = a®ca® —1> 210 — 1,

63 < (20 -0 <8 o

For k=9, A < Ag(2%) < 3.2, then 42 < 3
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(uv2)k—2)\—2 < 28uia2(k+2)\)k_—(k—2)\)

For k> 10, A < A(10) < 3.7, up, < VE, wv® = a®ca® —1> 210 — 1,

63 < (20 -0 <8 o

For k=9, A < Ag(2°) < 3.2, then 42 < 3 =<«
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(uv2)k—2)\—2 < QSMza2(k+2)\)k_—(k—2)\)

For k> 10, A < A(10) < 3.7, up, < VE, wv® = a®ca® —1> 210 — 1,

63 < (20 -0 <8 o

For k=9, A < Ag(2°) < 3.2, then 42 < 3 =<«

For kK =7 and 8§,
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(uv2)k72)\72 < QSMia2(k-+2)\)kf(kf2)\)

For k > 10, A < A(10) < 3.7, g < VE, uv? = a2cx® — 1> 210 — 1,

63 < (20 -0 <8 o

For k=9, A < Ag(2°) < 3.2, then 42 < 3 =<«

For k = 7 and 8, similar reasoning
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(uv2)k72)\72 < QS#ia2(k+2)\)k7(k72)\)

For k > 10, A < A(10) < 3.7, g < VE, uv? = a2cx® — 1> 210 — 1,

63 < (20 -0 <8 o

For k=9, A < Ag(2°) < 3.2, then 42 < 3 =<«

For kK = 7 and 8, similar reasoning =<,
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(uv2)k72)\72 < 28#ia2(k+2>\)k7(k72>\)

For k > 10, A < A(10) < 3.7, g < VE, uv? = a2cx® — 1> 210 — 1,

63 < (20 -0 <8 o

For k =9, A < Ag(2%) < 3.2, then 42 < 3 =«

For k = 7 and 8, similar reasoning =<, EXCEPT for (k,a%x’“) €S,
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(ww?)h—2A2 < 28Mia2(k+2)\)k_7(k72)\)
For k > 10, A < A(10) < 3.7, g < VE, uv? = a2cx® — 1> 210 — 1,
63 < (20 -0 <8 o

For k =9, A < Ag(2%) < 3.2, then 42 < 3 =«

For k = 7 and 8, similar reasoning =<, EXCEPT for (k,a%x’“) €S, a
finite set.
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(un?)F=2A=2 < 28Iulza2(k+2)\)k_7(k72)\)

For k > 10, A < A(10) < 3.7, g < VE, uv? = a2cx® — 1> 210 — 1,

63 < (20 -0 <8 o

For k =9, A < Ag(2%) < 3.2, then 42 < 3 =«

For k = 7 and 8, similar reasoning =<, EXCEPT for (k,a%x’“) €S, a
finite set.

For (k,a%cz®) € S,
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(uv2)k72)\72 < 28Mia2(k+2>\)k7(k72)\)

For k > 10, A < A(10) < 3.7, u < Vk, wv? = a?ca® —1 > 210 — 1,

63 < (20 -0 <8 o

For k =9, A < Ag(2%) < 3.2, then 42 < 3 =«

For k = 7 and 8, similar reasoning =<, EXCEPT for (k,a%x’“) €S, a

finite set.

2

. . a ] aZc

For (k,a%cx®) € S, use continued fractions for — = {
T

a2cxk — 1
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Continued Fractions




Continued Fractions

Let o € R,




Continued Fractions

Let o € R,

a = [ag,a1,az,...]




Continued Fractions

Let o € R,

a=[a0,a1,a2,...]=a0+—1
art
az +—




Continued Fractions

Let o € R,
1
a = lag,a1,a2,...] =ag+ — T
a; + i
az +—
A convergent of « is Pi _ lag,a1,...,a;] for j >0 and ged(p;,q;) =1
4qj
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Continued Fractions

Let o € R,
1
a = [ag,a1,az,...] =a+ ————
a + i
az +—
A convergent of « is Pi _ lag,a1,...,a;] for j >0 and ged(p;,q;) =1
4qj
Facts:
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Continued Fractions

Let o € R,
1
a = [ag,a1,az,...] =a+ ————
a + i
az +—
A convergent of « is Pi _ lag,a1,...,a;] for j >0 and ged(p;,q;) =1
4qj
Facts:

o l=qp<a<gp<...
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Continued Fractions

Let o € R,
1
a = [ag,a1,az,...] =a+ ————
a + i
az +—
A convergent of « is Pi _ lag,a1,...,a;] for j >0 and ged(p;,q;) =1
4qj
Facts:

ol=gp<qa<gp<..
° P2i <« and Pait1
q2i q2i+1

>«
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Continued Fractions
Let o € R,
o = [ag,a1,a9,...] =ag+ —T

a + i
as + —

A convergent of « is Pi _ lag,a1,...,a;] for j >0 and ged(p;,q;) =1

4q;
Facts:
ol=gp<qa<gp<..
° P2i <« and Pait1 >
q2i q2i+1
a .. 1 Dj
o If — satisfies ‘a — —| < — then = = =L for some
b bl 202 b g J
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Continued Fractions

Let o € R,
1
o = [ag,a1,a9,...] =ag+ T
it
az + —
A convergent of « is Pi _ lag,a1,...,a;] for j >0 and ged(p;,q;) =1
q;
Facts:
ol=gp<qa<gp<..
0 P2 <« and P2it1 >
q2i q2i+1
a - a 1 D
o If — satisfies ‘a — —| < = then — = =L for some
b bl 202 b g J
1 pj
< |lao— =
45 (ajp1 +2) qj
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2
. , . a aZc

For (k,a%cx®) € S, using continued fractions for — = {/ ————:

x a2cxk — 1




2
. : . a aZe

For (k,a*ca®) € S, using continued fractions for — = {/ ———:

z a‘cx® —1

(a®ca® — 1)(bPey® — 1) = (abez® —1)?
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. . . !
For (k,a’cz®) € S, using continued fractions for — =

(a®ca® — 1)(bPey® — 1) = (abez® —1)?
—_———

(uv?)(b?ey®) — a’ea® = (abez®)? — 2abezk

T

k

a2c

a?cxk —1°
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. . . !
For (k,a’cz®) € S, using continued fractions for — =

(a%ca® — 1) (b2cy® — 1) = (abez® — 1)?
—_———

(uv?)(B?cy®) — a?ca® = (abcz*)? — 2abez*

2
w?b?cy® > a’b?c? 2k (zk — )
abc

T

k

a2c

a?cxk —1°
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. . . !
For (k,a’cz®) € S, using continued fractions for — = "
x acxh —

(a®cz® — 1) (b2ey® —
—_———
uv?

(uv?)(B?cy®) — a’cx

v2b%cyt > a?b?c? <

k = (abcz*)?

= (abcz® —

abc)

Eva Goedhart

=)

Bryn Mawr College

— 2abcz

2
% a’c

1)

k

Something New in Diophantine Equations

1 .



2
% a’c

. . . !
For (k,a’cz®) € S, using continued fractions for — = e
z a‘cx® —1

(a%ca® — 1) (b2cy® — 1) = (abez® — 1)?
—_———

(uv?)(B?cy®) — a?ca® = (abcz*)? — 2abez*

w?b?cy® > a’b?c? 2k
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. . . !
For (k,a’cz®) € S, using continued fractions for — =

(a%ca® — 1) (b2cy® — 1) = (abez® — 1)?
—_———

U’U2

(uv?)(B?cy®) — a?ca® = (abcz*)? — 2abez*

w?b?cy® > a’b?c? 2k

Then Ca < 8 < a.

T

k

2

a=c

a?cxk —1°
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Since Ca < 8 < a,




Since Ca < 8 < a,

20k

_ k=1 k-1 k_ pk
(= BkC* " < =% < w1




Since Ca < 8 < a,

20k

_ k=1 k-1 k_ pk
(= BkC* " < =% < w1

a—B 2aC7k1  2qC~ k1
x zk(uvw) kaczk




Since Ca < 8 < a,

20k

_ k—1_k—1 k_ gk
(a = PkC*a" " <a¥ - p¥ < p——T

a—pB 2aC7F1 20~k
x zk(uvw) kaczk

a oy 1
—_ = < R
‘ Tz 22 24
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Since Ca < < a,

(o — BkCF Tt < oF — gF < 28
uvw + 1
a—L8 2aC~Ftl  2qC—kt1
x zk(uow) kacz*
a oy 1 Yy pJ
‘;_2_2 <@ — Z—zzq—JfomesomeJEO
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Since Ca < < a,

20k

_ k—1_k—1 k_ gk
(= BkC* " < =% < w1

a—L8 2aC~Ftl  2qC—kt1
x zk(uow) kacz*

1
‘g_i «— — L _PJ fimesome J >0
z  Z2 274 22 qy

Facts:
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Since Ca < < a,

20k

_ k—1_k—1 k_ gk
(= BkC* " < =% < w1

a—L8 2aC~Ftl  2qC—kt1
x zk(uow) kacz*

1
‘g_i «— — L _PJ fimesome J >0
z  Z2 274 22 qy

Facts:

]|

°
81Q
vV
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Since Ca < < a,

(o — BkCF Tt < oF — gF < 28
uvw + 1

a—L8 2aC~Ftl  2qC—kt1

x zk(uow) kacz*
a oy 1 Yy pJ
‘;_2_2 <@ — Z—zzq—JfomesomeJEO
Facts:

° E>é = J is even

x
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Since Ca < < a,

(o — BkCF Tt < oF — gF < 28
uvw + 1
a—L8 2aC~Ftl  2qC—kt1
x zk(uow) kacz*
a oy 1 Yy pJ
‘;_2_2 <@ — Z—zzq—JfomesomeJEO
Facts:
° E>é = J is even
x
0 2 <1
x
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Since Ca < < a,

(o — BkCF Tt < oF — gF < 28
uvw + 1
a—L8 2aC~Ftl  2qC—kt1
x zk(uow) kacz*
a oy 1 Yy pJ
‘;_2_2 <@ — Z—2zq—JfomesomeJ20
Facts:
° E>é — J is even
r
0 & <l = Po _ 0
T q0
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Since Ca < < a,

(o — BkCF Tt < oF — gF < 28
uvw + 1
a—L8 2aC~Ftl  2qC—kt1
x zk(uow) kacz*
1
‘g_i < - = l:&fomesomeJEO
z  Z2 274 22 qy
Facts:
° E>é — J is even
r
Q
0o — <1 = @:O<%=Iﬁ
Y q0 z qJj
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Since Ca < < a,

(o — BkCF Tt < oF — gF < 28
uvw + 1
a—L8 2aC~Ftl  2qC—kt1
x xk(uvw) kacz*
« Yy Y pPJ
‘;_2_2 <g — Z—2zq—JfomesomeJ20
Facts:
° 2>é — J is even
x
e
o — <1 = @:O<%=Zﬂ = J#0
z d0 z a7
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1
8k puv? 22X

a B

2ac—k+l
X X

rkacz®




1
8k puv? 22X

a B

2ac—k+1
X X

rkacz®

g7 < 22 < Bound




1
— sy <
8k puv? 22X

a B

20&07k+1
X X

rkacz®

g7 < 2? < Bound

For each (k,a’cz®) € S, determine possible values of J
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1
<
8k puv? 22X

a B

20&0716“
X X

rkacz®

g7 < 2? < Bound
For each (k,a’cz®) € S, determine possible values of J

‘ 2ac—k+1

(aJ+1 +2) zkaczk
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1
<
8k puv? 222

a B

20&0716“
X X

rkacz®

g7 < 2? < Bound

For each (k,a’cz®) € S, determine possible values of J

2ac—k+1
(aJ+1 +2) ‘_ zkaczk
k k—4ck—1
ajy1 > % — 2 > bound
«
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1
——y <
8k puv? 22X

a B

2aC~F+1
T x

rkacz®

g7 < 2? < Bound

For each (k,a’cx*) € S, determine possible values of J

2aC—k+1
(aJ+1 +2) ‘7 7‘ zkaczk
k k—4ck—1
ajy1 > % — 2 > bound
o

For each (k,a’cx®) € S,
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1
——y <
8k puv? 22X

a B

2aC~F+1
T x

rkacz®

g7 < 2? < Bound

For each (k,a’cx*) € S, determine possible values of J

2aC—k+1
(aJ+1 +2) ‘7 7‘ zkaczk
k k—4ck—1
ajy1 > % — 2 > bound
o

For each (k,a’cx®) € S, for all J,
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1
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For each (k,a’cx*) € S, determine possible values of J

2aC—k+1
(aJ+1 +2) ‘7 7‘ zkaczk
k k—4ck—1
ajy1 > % — 2 > bound
o

For each (k,a’cx®) € S, for all J, aji1 < bound. =<«
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Leta, b, c, k € ZT with k > 7. The equation

(a2cx® —1)(bPey® — 1) = (abez® — 1)2

has no solution in integers with x, y, z > 1 and a®z* # b?y*.




