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Z F,[T]
{£1} F7
positive integers monic polynomials
prime numbers monic irreducible polynomials
absolute value If| = g%/
integers of size < x | monic polynomials of degree n where x = ¢"
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Gauss: The number of monic irreducible polynomials in F,[7] of

degree n is
n n/2
T 10 (q ) .
n n
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Twin primes

Twin prime conjecture: There are infinitely many prime pairs p, p + 2.

Hall (2006): Let ¢ > 3 and C € I, be constant. There are infinitely
many twin prime pairs P, P + C € F,[T].

Pollack (2008) finds asymptotic result for the number of twin prime
pairs P, P + C € F,[T], assuming n* /g — 0, where n = deg(P).
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Rough integers: no small prime factors

Let ®(x,y) = #{n < x:pln=p >y}
Tenenbaum: For x > 2y > 5,

6_”/3
O(x,y) =& (xw(u) —y) [ | (1 - ;) {1 +0 <logy>} :

Py

where u = %25; and Buchstab’s function w is given by

wu)=1/u (1<u<?2),
(uw(u)) =wu—1) (u>2).




Rough polynomials: no divisors of small degree
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Rough polynomials: no divisors of small degree

Let r(n, m) be the proportion of polynomials of degree n over I, all
of whose non-constant divisors have degree > m.

W. (2015): Letu = n/m. Forn > m > 1 we have

r(n,m) =e wu) ] <1 — |1P|> {1 +0((u/:1)u>},

deg(P)<m

where P runs over monic irreducibles and |P| = gd°€(P).
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Srinivasan (1948): A positive integer n is called practical if all smaller
positive integers can be represented as sums of distinct divisors of n.

Examples:
» 12ispractical: 5=342, T7=4+3 8§=6+2,
9=6+3, 10=6+4, 11=6+3+2.

» 10 is not practical: 9 > 5+ 2 + 1.

The sequence of practical numbers:

1,2, 4, 6,8, 12, 16, 18, 20, 24, 28, 30, 32, 36, 40, ...
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Practical numbers: Analogies with prime numbers

Practical numbers: 1, 2, 4, 6, 8, 12, 16, 18, 20, 24, 28, ...
Prime numbers: 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, ...

[Goldbach’s Conjecture] (Melfi, 1996):
Every even positive integer is the sum of two practical numbers.

[Legendre’s Conjecture] (Hausman & Shaprio, 1984):
There is a practical number between x? and (x + 1)? for every x > 0.

[Prime Number Theorem] (Margenstern’s Conjecture, 1991):

. . ) cx
The number of practical numbers below x is asymptotic to oox’
ogx



Define P(x) := #{n < x:n is practical }

P(x) 10g(x)
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Counting practical numbers

Let P(x) = #{n < x : n practical}
Erdds and Loxton (1979):  P(x) = o(x)

Hausman and Shapiro (1983):  P(x) < m, 8 =0.0979...
x
M St 1984): P , =0.7213....
argenstern ( ) (x) > exp (a(log log 1)) a
Tenenbaum (1986):
xlog, xlogs x
P s 90
log x(log, x)*201 <P < log x
. X
Saias (1997): P(x) x ——
log x

log1
W. (2015): P(x) = -~ (1 ro < o2 ng» for some ¢ > 0.
log x log x
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Integers with dense divisors

D(x) := # {n < x: [y, 2y) contains a divisor of n forall 1 <y < n.}

Tenenbaum (1986): For x > 2,

X xloglogx
D _—
log x (loglog x)*-201 <Dl <« log x
Saias (1997): Forx > 2, D(x) = x
logx

W. (2015): Forx > 2,

X 1
26 = o1+ (i) |

for some ¢, > 0.
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Polynomial Analogue: divisors of every degree
Ex.: T(T?> + T+ 1)(T* + T + 1) € F»[T] has divisors of deg 1, ..., 7.
Ex.: T(T?> + T+ 1)(T? + T? + 1) € F»[T] has no divisor of degree 2.

W. (2015): The proportion of polynomials of degree n over [, which
have a divisor of every degree below n, is given by

1
% <1 e ()) |
n n
The factor ¢, depends only on g and satisfies
0<cq:C—|—0<q_ﬁ),

where C = (1 — e~ 7)~! = 2.280291..., v denotes Euler’s constant
and § = 0.41009....

C 1 1
Corollary: The proportion in question is — <1 + 0 < =+ B)) .
n no q
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Functional Equation

Let F = P1P;--- Py, deg(Py) < ... < deg(Px). Then F has a divisor
of every degree below n if and only if

deg(P) <1+ > deg(P)  (1<j<k).
1<i<y

» Count all monic polynomials of degree n over I, (there are ¢" of
them) according to their largest divisor which has itself a divisor
of every degree:

q" = Z r(n — deg(G), deg(G) + 1)

G has divisor of every degree

» Approximate r(-, ) in terms of Buchstab’s function w(-).

» Abel Summation — Integral Equation — Laplace Transform —
Inversion of Laplace Transform
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Sn =set of permutations of {1,2,3,...,n}.

integers =< x ‘ A\

prime factors cycles

P(m < xis prime ) ~ L

P(o € Syisacycle ) = -

1
logx
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Rough permutations: no cycles of small length

Let p(n, m) be the proportion of o € S,,, all of whose cycles have
length > m.

Manstavicius, Petuchovas (2015); W. (2015):
Let u = n/m. Forn > m > 1 we have

p(n,m) = e~y (u) (1 +0 (O‘Z)_» .

where H,, is the m-th harmonic number.
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Permutations which fix sets of every size

Example: The permutation (1)(23)(4567) fixes the sets
{1}’ {27 3}7 {1727 3}7 {4757677}7 {174757677}a {27 374757677}7
{1,2,3,4,5,6,7}.

Example: The permutation (1)(234)(567) does not fix any set with
two elements.

W. (2015): The proportion of permutations o € S, with the property
that for every positive integer m < n there exists a set
M C {1,2,3,...,n} with cardinality m such that (M) = M, is given

) (o(2)

where C = (1 — e~ )71 =2.280291...
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0.01
T r(n,g,q) <

and
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Romanoff (1934): Let a > 2. We have

> M«l.

= ord,(a)
ged(n,a)=1

Shparlinski, W. (2015): Let § = deg(g) > 1. We have

log 6
<1+evmln{5\/ q, }
Z lf|0df(

lo
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Thank you!



