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A little poetry to get us started

Alexandria, Greece ∼ 250AD

‘Here lies Diophantus,’ the wonder behold.
Through art algebraic, the stone tells how old:

‘God gave him his boyhood one-sixth of his life,
One twelfth more as youth while whiskers grew rife;

And then yet one-seventh ere marriage begun;
In five years there came a bouncing new son.

Alas, the dear child of master and sage
After attaining half the measure of his father’s life,

chill fate took him.
After consoling his fate by the science of numbers for four years,

he ended his life.’
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A Diophantine equation is a polynomial equation in one or more
variables with integer coefficients.

Examples:

Ft(X,Y ) = X3 − (t− 1)X2Y − (t+ 2)XY 2 − Y 3, consider

Ft(X,Y ) = c.

For m, X, Y , Z ∈ Z+, consider

(2m− 1)X + (2m)Y = (2m+ 1)Z .

m = 2 :
3X + 4Y = 5Z
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Theorem (He & Togbé, 2009)

Let m ∈ Z+, m ≥ 4. Then the equation

(2m− 1)X + (2m)Y = (2m+ 1)Z

has no positive integer solutions X, Y , Z.



Some snippets of the proof

Suppose m ≥ 4, and x, y, z ∈ Z+ such that

(2m− 1)x + (2m)y = (2m+ 1)z.

Using modular arithmetic, and some cool tricks:

y = 1,

z < x, and

m ≥ 25.

(2m− 1)x + 2m = (2m+ 1)z



Some snippets of the proof

Suppose m ≥ 4, and x, y, z ∈ Z+ such that

(2m− 1)x + (2m)y = (2m+ 1)z.

Using modular arithmetic, and some cool tricks:

y = 1,

z < x, and

m ≥ 25.

(2m− 1)x + 2m = (2m+ 1)z



Some snippets of the proof

Suppose m ≥ 4, and x, y, z ∈ Z+ such that

(2m− 1)x + (2m)y = (2m+ 1)z.

Using modular arithmetic, and some cool tricks:

y = 1,

z < x, and

m ≥ 25.

(2m− 1)x + 2m = (2m+ 1)z



Linear forms in logarithms

b1 logα1 + b2 logα2 + . . .+ bn logαn

with bi ∈ Z and αi ∈ Q.

D = [Q(α1, α2, . . . , αn) : Q]/[R(α1, α2, . . . , αn) : R]

For any α ∈ Q,

d = [Q(α) : Q],

h(α) =
1

d

log |ad|+
d∑

j=1

max{log |σj(α)|, 0}

 ,

logAi ≥ max

{
h(αi),

| logαi|
D

,
1

D

}
.
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In this case, b1, b2, α1, α2 ∈ Z+, with αi > 1, then

D = 1, h(αi) = logαi,

and
logAi ≥ max{logαi, 1}.

Theorem (Laurent, Mignotte, Nesterenko (1995))

Let
Λ = b1 logα1 − b2 logα2

and

b′ =
b1

logA2
+

b2
logA1

.

If α1, α2, logα1, logα2 ∈ R+ and Λ 6= 0, then

log |Λ| ≥ −24.34
(
max

{
log b′ + 0.14, 21

})2
logA1 logA2.



In this case, b1, b2, α1, α2 ∈ Z+, with αi > 1, then

D = 1, h(αi) = logαi,

and
logAi ≥ max{logαi, 1}.

Theorem (Laurent, Mignotte, Nesterenko (1995))

Let
Λ = b1 logα1 − b2 logα2

and

b′ =
b1

logA2
+

b2
logA1

.

If α1, α2, logα1, logα2 ∈ R+ and Λ 6= 0, then

log |Λ| ≥ −24.34
(
max

{
log b′ + 0.14, 21

})2
logA1 logA2.



Recall

(2m− 1)x + 2m = (2m+ 1)z ⇒ 1 +
2m

(2m− 1)x
=

(2m+ 1)z

(2m− 1)x
.

Let Λ = z log(2m+ 1)− x log(2m− 1).

Using Laurent, Mignotte, and Nesterenko (1995):

log |Λ| ≥ −24.34

(
log

(
2x

log(2m+ 1)
+ 1.54 · 10−167

)
+ 0.14

)2

× log(2m+ 1) log(2m− 1)

⇒ z < x < 107187 and m ≤ 10845

Hence, no large solutions to (2m− 1)x + (2m)y = (2m+ 1)z.
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Summing up

Linear Forms in Logarithms are useful!

(2m− 1)X + (2m)Y = (2m+ 1)Z

Ft(X,Y ) = X3 − tX2Y − (t+ 1)XY 2 − Y 3, consider
Ft(X,Y ) = µ
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