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Extended Definition of Multiplicative Order

e Let a,n > 1 be integers. The ordinary definition of /,(n) takes
ly(n) = 0if (a,n) # 1.
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Extended Definition of Multiplicative Order

e Let a,n > 1 be integers. The ordinary definition of /,(n) takes

la(n) =0if (a,n) # 1.

e If (a, n) =1 then denote by ¢,(n) the multiplicative order of a modulo n.
If (a, n) # 1, we write n = nyny where any prime divisors of n; divide a
and (a, np) = 1. Define £,(n) = £,(n2). This extended definition of
£4(n) is used by Murty, Saidak [MS, Section 8].

Example) We compute ¢4(6). The ordinary definition gives £4(6) = 0, but
the extended definition gives 4(6) = ¢4(3) = 2.

e w(n):=3_,,1 be the number of distinct prime divisors of n and

Q(n) := > k| 1 be the number of prime power divisors of n, and set
w(l) =Q(1) =0.
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Definitions and Notations-continued
e The number « = 3.42 is the unique positive root of an equation:

K 1 K?
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Definitions and Notations-continued
e The number « = 3.42 is the unique positive root of an equation:
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Previous Results

Theorem

If y > exp((a + €)+/log x), then for any positive constant B > 1,

*122 _CLi(x)+O(IO>; ) (1)

a<yp<x g X

Moreover, for any positive constant B > 2,
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Here, C is the Stephens’ constant:
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Theorem

Let y > exp((a + €)v/log x) and P,(x) := {p < x|€a(p) = p — 1}. Then

the following estimates also hold for any B > 1:

y Y Pa(x) = ALi( )+o( = ) (3)
log® x
aly
where A = Hp <1 — m) is the Artin’s constant.
Moreover, for any positive constant B > 2,
. %2
y Y (Pa(x) — ALi(x))? < 5 (4)
aly og X
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Theorem
If y > exp((a + €)/log x), then for any positive constant B > 1,
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Moreover, for any positive constant B > 2,
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Erdos-Kac Theorem [EK]

For any real number u,

1 g(n) — log log x
lim — <x:>A—— < =
NUU X#{n_x loglogx . Gu)

where g(n) = w(n) or Q(n) and G(u) f I exp (—%) dt.
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Results of Erdos-Pomerance [EP]

Let ¢(n) be the Euler Phi function. Then w(¢(n)) and Q(4(n)) also follow
a normal distribution after a suitable normalization: For any real number v,

1 o 8@M) ~3(oglogx)? [ _ o
- %(Iog Iogx)g a

This holds with ¢(n) replaced by the Carmichael Lambda function A(n).
Furthermore, they conjectured that: For any real number v,

1 2,(n)) — %(log log x)?2
lim =#<n<x:(na)=1, & a(l)) 2(log 3g ) <u :@G(u).
x—r00 X ﬁ(loglogx)f a
Sungjin Kim (SMC/CSUN) Dec 17

8/15



Results of Murty-Saidak [MS]

Assuming the quasi-Generalized Riemann Hypothesis (GRH) and ¢,(n) is
in the extended definition: For any real number v,

£5(n)) — 1 (loglog x)?
lim l# n<x: g(ta(n)) — 3(log (3)gx) <uyp=G(uv).
X—500 X \%(Iog log x)2
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Main Results

Theorem

If y > exp((a + €)+/log x), then for any fixed real number u,

i Ly { < 3 oy 8(60) = Hloglog <) <u}

= G(u). (7)
X—r00
X f(log Iogx) |
Theorem
If y > exp((a + €)+/log x), then for any B > 1,
= Z 3" 7(fa(p)) = Kix + (K1 + K2)Li(x) + O ( al ) (8)
= log” x
a<y p<x

where

1 ) ~ 1.231291.
p
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The Method of Stephens [S]

The use of character sums: Stephens defined a character sum ¢,(x) where
X is a Dirichlet character modulo p for r|p — 1:

c)=—7 . x) (9)

From [S, Lemma 1], we have for any Dirichlet character x modulo p,

1

ord(x)

For the principal character xo modulo p, we have

ler ()l <

cr(xo0) = 1
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The Method of Murty-Saidak
The use of Kubilius-Shapiro Theorem [E, Chapter 12]:
Lemma (Kubilius-Shapiro)

Let f(n) be a strongly additive function. Let

2
A(x) == Z @, B(x)? := Z f(p) .

pP<x

Suppose that for any € > 0,

L1 f(p)*
lim —— =0.
x—o0 B(x)? ngx p
If(p)|>€B(x)

Then for any fixed real number u,

IN

lim 1#{ngx:M u}

X—00 X B(x)
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Method - For the First Theorem

e The main point is to reduce the problems to estimating A(x) and B(x)
with suitable strongly additive function f(n).
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Method - For the First Theorem

e The main point is to reduce the problems to estimating A(x) and B(x)
with suitable strongly additive function f(n).

e Then use a simplified version of Stephens’ method in estimating A(x)
and B(x).
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Method - For the Second Theorem

e Proving the Mean Value Theorem

Theorem

Let K1, Ky be the constants in Theorem 1. Then we have for any A > 0,

Z Z d)o(d) = K1X+(K1+K2)Li(x)+0( ’; ) (10)

p<x d|p 1 |og X

As a byproduct, we obtain a curious identity

ZT(p_:)ib(lp_l) :%x—i— <%+K4> Li(x)+0< . )

A
o log”™ x

e Then use a simplified version of Stephens’ method.
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