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Definitions

e If (a,n) = 1 then denote by /,(n) the multiplicative order of a modulo n.
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Definitions

e If (a,n) = 1 then denote by /,(n) the multiplicative order of a modulo n.
Example) We compute /3(15). Since 2 # 1 for j=1,2,3and 2* =1
mod 15, we have (5(15) = 4.
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Euler and Carmichael Function

e Euler ¢-function: ¢(n) := an‘n (1 — %) is the order of the group
(Z/nZ)*.

e Carmichael A-function: A(n) := LCM{A(p®) : p¢||n} where A(p®) is
defined by

A(p®) = ¢(p%) = p°H(p— 1),
A(2°) = 6(2°), ifeis 0,1, or 2
A29) = %¢(2e), ife >3

is the exponent of the group (Z/nZ)*.
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Previous Results-1
Note that Erdds, Pomerance, Schmutz [EPS, Theorem 3] proved

Theorem
For x > 16, we have

X2 log log x )
n B——=—(1+o(1 1
gx (n) = log x p( Iogloglogx( (1) (1)
where .
=e 1—- ——— ) ~0.34537.
H ( 1)%(p + 1))
Theorem (Kim, 2016, [K1])
There is a positive constant § > 0 such that, if y > x'~°, then
log log x
Y k) = oo (B o). @)

log log log x
a<yn<x gloglog
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Previous Results-2

Let R(n) be the number of a € (Z/nZ)* such that ¢,(n) = A(n), and
N,(x) be the number of n < x with (a, n) = 1 such that £,(n) = A(n).

Theorem (Li, Pomerance, 2009, [LP1])
If y > exp((2 + €)+/log x log log x), then we have as x — oo,

%ZNS(X) ~ Z@.

asly n<x
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Main Results

Theorem

If y > exp((a + €)v/log x), then there is ¢ > 0 such that for x — oo,

Y k) = e (e o). ()

log log log x
a<yn<x 108 108

Theorem

If y > exp((a + €)+/log x), then there is ¢ > 0 such that for x — oo,

—ZN( )—ZL O(x exp(—c+/log x)). (4)

a<y n<x
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Definitions and Notations-continued
e The number « = 3.42 is the unique positive root of an equation:

K 1 K?
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Definitions and Notations-continued
e The number « = 3.42 is the unique positive root of an equation:

K 1 K?

10
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The Method of Stephens [S] for mod p

The use of character sums: Stephens defined a character sum ¢,(x) where
X is a Dirichlet character modulo p for r|p — 1:

c)=—7 . x) (5)

From [S, Lemma 1], we have for any Dirichlet character x modulo p,

1

ord(x)

For the principal character xo modulo p, we have

ler ()l <

cr(xo0) = 1
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The Method of Stephens for mod n - Introduced in [LP1]
Following the definitions in [LP1],

Ag(n) = #{cyclic factors Cqv in (Z/nZ)* : q"||\(n)},

Ry = o) T (1- oo ) (6)

qlé(n)
Let A(n)
E(n) = {a € (Z/nZ)* : 0@ =1 (mod n)},

and we say that y is elementary character if y is trivial on E(n).
For each square free k|¢(n), let pn(k) be the number of elementary
characters mod n of order k. Then

pn(k) = [T(a*” ~1).

qlk
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For a character x mod n, let

o
(0 = 55 210

where the sum is over A-primitive roots in [1, n]. Then

le(x)] < &(x),
where
— 1~ if x is elementary,
&(x) = pn(ord(x)) '
0 otherwise.
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The Method of Stephens for mod n - Extension of [LP1]

Let h|\(n) and g is a prime such that q"H@.
Put (Z/nZ)* ~ G(n) in a primary decomposition of a Z-module structure.

Agn(n) =

A
{cyclic factors C ./ in G(n): qu%, v > V}’

Let Sq(n) be the g-Sylow subgroup of G(n). Let Sqp(n) = anng,(n(q")
and Ty 4(n) = annsq(,,)(q"_l).
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Further, we put

G(n) =g (*57) = T] Sunto

En(n) = anng(n) <ra(j((A ) H Tan(n

Sq.n(n)/ Tan(n) = (Z/qZ)2e ( )7
so that
|Sq.n(n)] = g2+ ()| Tg h(n)].
A(n)

Denote by Ry(n) the number of elements a € (Z/nZ)* with £,(n) = ==.
Then,

Rn(n) = H |Sq,n(n) = Tq,n(n)| = |Gh(n)| H (1 N qulh(")> '

a2} g 24

Clearly, we have Gi(n) = G(n), E1(n) = E(n), Sq.1(n) = S4(n),
Ag1(n) = Ag(n), and Ri(n) = R(n).
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We say that a character x of Gx(n) is h-elementary modulo n if x is
trivial on Ej(n). Then h-elementary characters can be considered as
characters of Gp(n)/Ep(n). Thus, the order of such characters must be
square-free. For each square-free k|A(n)/h, the number of h-elementary
character of Gp(n) which has order k is obtained by

pan(k) = [T(g%4™ —1).

qlk

For a Dirichlet character x modulo n, let

1
ch(x) = > x(b)
o(n) be(Z/nZ)*
tp(n)=2

Denote by k = ord(x) the order of the restriction of x onto Gx(n).
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Then, we see that c,(x) only depends on . Decomposing the indices b

into cosets of Ex(n), we have

%’?k()n) if x is h-elementary,

¢(n)en(x) = {

0 otherwise.

Since |Rp(n)| < |Gh(n)|, we have |ch(x)| < Th(x) where

() = | TG 1T is hrelementary,
0 otherwise.
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Lemma

Let t, n(n) =1 if£s(n) = )‘(") and 0 otherwise. Then

taa(m) = D cl)x(a).

x mod n

Lemma
Let k|n and h|\(n). Then we have

*

> Glxxon) < T(¢(k))

x mod k

where ¥* is over non-principal primitive characters, T(n) =

Zd|n1
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BPNECES ) BP P LIMC

a<y n<x a<y n<x h|A(n)
e ) ID DS LA SEETONG
a<y n<x h|A\(n) x mod n

=> > > 7Ch(XO n)Xo,n(a)

a<y n<x h|\(n)

IS “h” > @)

a<y n<x h|/\(n) x mod n

—y 3 A s S A S e+ E

n<x a<y n<x h|\(n) x mod n

=yYX1+X+E

where ¥* is over non-principal characters and E = O(x? log x).
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Estimation of >

Since ez < @(n) < n, it follows from [LS, Theorem 6] that

Z cb(n)nu(n) x? exp <B log log x (1+ 0(1))> .

- log x

psd log log log x
Here, )
u(n) = —F Z ly(n).
(;5(!7) ac(Z/nZ)*
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Estimation of X,

S D) ID I <D DRI TR PO NNE

n<x k|n h|\(n) x mod k asy

_ An)

=200 5 D anloon) Do x(du(d) Y x(a),
n<x k|n hA(n) x mod k dln a<y

Here, * means summed over primitive characters.

Sof < x> ()] Y > Z Z |cn(xx0.akm)| | D x(a)

d<x m<" k< X h|\(dkm) x mod k a<y
(kod) =1
< XZ u(d)| Z Z Z Z Sh(XX0,dkm) Z x(a)
d<x m< % k<4 h|\(dkm) x mod k a<?

Sungjin Kim (SMC/CSUN) Dec 17 18 / 26



Estimation of > ,-continued

For simplicity, let w = -, and z = %. We try bounding the size of

S(z,w) :=ZZ Z % Z Sh(XX0,dkm) ZX(Q)

m<z k<w h|\(dkm) x mod k ag%

1. Estimate when d is large.
By [LuP, Theorem 1],

3% log w
S(z,w) < 4 m;z(logx)wexp (2.5\/ og log W)
Xy [ logx
< 42 exp (3 log Iogx> .
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Estimation of >,-continued

Denote the inner sum over k < w by Sp(z, w).
2. When w < z%.
By Polya-Vinogradov Inequality and [LuP, Theorem 1],

|
Sm(z,w) < wzi exp | 3 08X ).
log log x

3. When w > z%.
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Estimation of >,-continued

By Holder inequality, we have for any r > 1,

Sm(z, w) < AL"2 Bz (9)
where
1 : _ 2r
A=>" Y i > @lx0,dkm) 7T,
k<w h|X(dkm)  x mod k
and
2r
1 *
B- Y 1Y (T
k<w h|\(dkm) x mod k |a<z
Then

I
A< wexp |3 o8 X .
log log x
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Estimation of > ,-continued

We have B < (log x) T (w, z) with

2

2r
Tw2=% 3 Tv@) =3 3 |3 )

k<w x mod k [a<z k<w x mod k [a<z"

By the large sieve inequality,

T(w,z) < (W?+27) > 7/(a) (10)

a<z’

where 7/(a) is the number of ways writing a as a product of r positive
integers each not exceeding r.
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Estimation of > ,-continued

Applying an estimate by O. Bordellés (see [B])
Lemma

Letc>0. Ifz>1andr—1< clogz, then

S (e < <—(1 e z> §

(11)
b (r—1)!
We apply Stirling’s formula to obtain the estimate:
Lemma
T(w, z)% <L zexp (f(K)\/Iog w + O(log r)) , (12)
where
K
f(K) = fA(K) Z (Iog (——i—l)—i—l),
z =exp(K+y/logw), r= 2lo and c—i
- p g 9 |0gz b - K2 *
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Estimation of > ,-continued

Therefore, we obtain the following estimates:

Lemma

(1) If z > exp(4.18+y/log w), then

I
Al-% B3 & wzit exp (f(4.18)\/|og W) exp <4 i > ,

log log x

(2) If exp((a + €/2)\/log w) < z < exp(5+/log w), then

log log x

|
Al=2 B < wzi exp (f(a+e/2)\/|og W) exp (4 L > .
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Y
Recallw_d z=1.

o If exp((oz+e/2)\/ 0g(Z5)) < 4, then
Z lu(d)|S(z, w) < Z Z exp c’v/log x)) < xy exp(—c+/log x)

d<x d<x m<"

for some 8 > 1.

o If exp((a + €/2)/log(F5)) > 4. we have exp((e/2)\/Tog x) < d. Then
Zm )|S(z, w) < xy exp(—cy/log x).

d<x

Therefore, |Z»| < x%y exp(—cy/log x)
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